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ABSTRACT: We apply a recently presented BRST procedure to construct the Lagrangian
cubic vertex of higher-spin gauge field triplets interacting with massive free scalars. In flat
space, the spin-s triplet propagates the series of irreducible spin-s, s —2,..,0/1 modes which
couple independently to corresponding conserved currents constructed from the scalars.
The simple covariantization of the flat space results is not enough in AdS, as new interaction
vertices appear. We present in detail the cases of spin-2 and spin-3 triplets coupled to
scalars. Restricting to a single irreducible spin-s mode we uncover previously obtained
results. We also present an alternative derivation of the lower spin results based on the
idea that higher-spin gauge fields arise from the gauging of higher derivative symmetries
of free matter Lagrangians. Our results can be readily applied to holographic studies of
higher-spin gauge theories.
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1. Introduction

Constructing consistent interactions for higher-spin (HS) gauge fields is an old problem

(see [ for recent reviews). A crucial step for its resolution in AdS spaces was taken some

years ago by Fradkin and Vasiliev [J] (see also [J]).

Since then, the study of HS gauge

theories has enjoyed a remarkable renaissance and a wealth of new and interesting results

have appeared [[{]-[Rd] (see also [RI]- [ for the earlier work).
One of the approaches to the interaction of HS gauge fields is based on the BRST-like
methods (see e.g., [2q] for a review). This is particularly appealing as it resembles similar



constructions in string field theory R4~ R]. In particular a model of interacting massless
HS gauge fields can be obtained using a cubic vertex of the open string theory [R9]. However
in the general case of interacting massless HS fields there is no analog of overlap conditions
such as that is present in the Open String Field Theory and therefore one has to consider
a general polynomial of the corresponding matter and ghost oscillators.

In Bd] a systematic method for the construction of the general cubic coupling of any
three HS gauge fields in flat and AdS spaces based on the triplet construction [B1]-[BJ] was
presented. In the present note we apply our method to the simplest case; the interaction
between one HS triplet and two massive free scalars. Despite its apparent simplicity this
is still a highly non-trivial case since it requires the construction of an infinite number of
conserved currents, made out of scalars, that couple properly to HS gauge fields. This is
also an important case since, as we will see in section 7, it elucidates the emergence of HS
gauge fields via the gauging of higher derivative symmetries of free matter Lagrangians
(see [B4] for the discussion about self-adjoint operators in the gauging of HS symmetries).
In a holographic setting, our results imply the existence of an infinite set of Ward identities
involving scalar operators in boundary CFTs that are dual to HS gauge theories in AdS
spaces.

The paper is organized as follows:

In section 2 we briefly review our general method of constructing free and interacting
Lagrangians for HS gauge fields [B0]-[BJ]. In section 3 we present the general result for the
Lagrangian cubic interaction vertices between one triplet and two massive free scalars in
flat space. We note the emergence of a pattern; the irreducible spin-s, s —2,...,0/1 modes
propagated by the spin-s triplet couple independently to corresponding conserved currents
constructed from the scalars. In section 4 we outline how we obtain the general result for
AdS. The simple flat space pattern is no more valid and new interaction vertices appear at
order 1/L?. To keep our presentation clear we relegate the explicit lengthy expressions in
the appendix. In section 5 we present the explicit formulae for the spin-2 and spin-3 cases
in flat and AdS spaces. In section 6 we present the results for the cubic vertex of irreducible
HS gauge fields interacting with massive free scalars and show that our formulae reproduce
known past results [B]-[B7]. Extensive discussions of conformal HS currents were presented
also in [Bd, B8, BJ). In section 7 we re-derive the spin-2 and spin-3 vertices in flat and AdS
spaces by an alternative method based on the idea that HS gauge fields arise from the
gauging of high derivative symmetries of free matter Lagrangians [i(]-[f]]. This procedure
opens up the possibility for explicit study of the HS gauge symmetry acting on scalars,
however we leave this interesting idea for a future work. Section 8 contains a summary and
the outlook of our work. Important notation and some lengthy formulae appear in the five
appendices.

2. The BRST approach to the HS cubic vertex

In this section we review the BRST approach to constructing the cubic interaction of HS
gauge fields. More details can be found in [B3, B{]. We consider an AdS space with radius



Rags = Lj; the corresponding equations for flat space are simply obtained by setting the
AdS curvature to zero.
The full interacting Lagrangian can be written as 7] — [B§]

L= ) /dcg<<1>,~\Q,~\q>i> +g </dcgdcgdcg<q>1y<q>zy<q>3uv> —|—h.c> , (2.1)
1=1,2,3

where |V) is the cubic vertex and g is a dimensionless coupling constant.! To describe the
cubic interaction of HS gauge fields we introduced three vectors |®;) (i = 1,2, 3) associated
to three - generally different - Fock spaces spanned by the oscillators

[0l ] = 69 g, {T W} = {00} = {ch, bg} = 67 (2.2)

The vacuum in each one of the Fock spaces is defined as
cl0) = 0, bl0) = 0, bpl0) = 0, at0) =0. (2.3)

Each of the fields |®;) (so called "triplets”) has the form

@) = |¢) + ¢t bF D) +co 0T |C), (2.4)
with
|¢) = é Py ops (X)L a0, (2.5)
D) = g Doncca(£)a 2 [0, (26)
IC) = _— ¢ (x)ak T, k1T |0) (2.7)

(s — 1)) “HrHet
and the identically nilpotent BRST charge [BJ] in each of the Fock spaces has the form

1 D?
Q :co<l0 + ﬁ<N2—6N+6+D - I—4M+M+c+b(4N—6)

+btc(4N —6) + 12¢7bbTc — 8¢ M + 8M+bc>>

+cTl+ el — c¢Tebg (2.8)
with
lo = ¢"pupy, 1=ap,, 1T =a"p,, (2.9)
d
an N D 1
N = o'y, + > M:§a“aﬂ. (2.10)

The momentum operator p,, is defined as [[J]

Py = —1 <Vu+wzbaflab> , a =ejal, (2.11)

!Bach term in the Lagrangian (@) has length dimension —D. This requirement holds true for each
space-time vertex contained in @) after multiplication by an appropriate power of the length scale of the
theory, as discussed in [@]
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ant derivative. The Lagrangian is invariant up to terms of order g under the nonabelian

where e? and wzb are the vierbein and the spin connection of AdS and V, is the AdS covari-

gauge transformations
0|®i) = QilAs) — 9/d03+1d06+2[((‘1>z‘+1\</\i+2! +(Pipa (A DIV)] +O(6"),  (2.12)

with gauge transformation parameters

|A;) = bV T\ = WALIMMMS_I(:c)o/"“*o/’“fr oabPsrtp T o) (2.13)

provided that the vertex satisfies the BRST invariance condition

QVy=0, Q= ZQZ-. (2.14)

The vertex operator V) has ghost number +3 and its structure is
V) =V|[-)123, |—=)123 = cpcicd [0)1 ®10)2 ® |03, (2.15)

where V is an unknown function of the rest of the oscillators with ghost number zero. Note
that equation (P.14) determines the vertex up to Q-exact terms

V) =QIw), (2.16)

where |IW) is an operator with total ghost number +2. The BRST-exact terms correspond
to the ones which can be obtained by field redefinitions from the free Lagrangian. To
simplify the analysis of equation (R.14) we define the operator

N = a“’”aft + b5 T (2.17)

This operator commutes with the BRST charges @;. This means that the vertex can be
expanded in a sum of terms, each with fixed eigenvalues K of the operator N as

vy =S V(K)). (2.18)
K

Therefore, equation (R.14) can be split into the set of algebraic equations
> QiV(K)=0 (2.19)
i

for each value of K. The systematic solution of these equations determines the type the of

cubic vertex.

3. The cubic vertex in flat space

In this section we will use our general approach to construct the cubic coupling of an HS
triplet with two scalars in flat space. The corresponding coupling for irreducible HS fields
has been discussed [4] and more recently in [B3, B7. The merit of considering the triplet



is twofold. Firstly, our general BRST construction is systematic, can be straightforwardly
generalized to AdSp and is relevant for string field theory constructions. Secondly, our
construction gives rise to the idea that HS gauge fields arise from the gauging of higher
derivative symmetries of free matter Lagrangians.

To proceed, we put the triplet of spin s in Fock space 3 and the two scalars ¢ and ¢9
into Fock spaces 1 and 2. Therefore, the matter and complex ghost oscillators appear only
in Fock space 3. This allows us to write down the most general polynomial in terms of the
expansion in ghost variables as (see appendix A for the definition of the various operators
used below)

(V] = 123<—\{X1 + X357 + X?:fjﬂ?’j} , J=1,2,3, (3.1)
where
xXt=x}

n1,n2,n3;ms,k3;ps,

(Ig)™ (I3)"= (@)™ (1) (1) (M) (3.2)
and with the same expansions for the coefficients X§3 and Xg’j. We will apply the field
redefinition (FR) scheme outlined in [B{] in order to eliminate the [§ from all three ma-

trix elements, and the [3 dependence from X! and X2. This amounts to removing the
indices n,n9,n3 from the expressions of X1, X§3 and ng. Then, the BRST invariance

condition (R.14) simplifies to
k 3 11 3 22
123(=[(13)" (I33)™ (M33)" [_X31;k3,m37p3 lo" = Xioiksnaps l0 —
3 33 1 2
X33ikamapslo. + Oma,0(l35 Xig0ps — 133 X33.05.0p4) [= 0- (3.3)
We can solve (B.J) to derive

X310ks1ps = K3X0 ks s -
X?Q;O,k;g—l,pg = _kj3X(%,k3,p3’
X§3;0,k3,p371 = —P3Xé,k3,p37
X§3;m37/€3,p3 =0,
X%;m37ﬁ0;k3,p3 = X§3;m3¢0;k3,p3 = Xrlngyéo;kg,pg =0. (3.4)

For a triplet of spin-s the solution takes the form (we drop the ms index from now on):
<V| = 123<_|{Xli3,p3 - (p3 + 1)Xl%3,p3+17337+
(ks + 1)X;13+1,p3531’+ ~ (ks + 1)X113+1,p3ﬁ32,+}(I+,3)k3(M+,33)p3’ (3.5)
with
s=2p3+ks, Xi, =25 Cspy, ks=0,1,.,s. (3.6)
Using the “momentum conservation” condition p}l + pi + pf; = 0 and the solution above

we can write the gauge transformation rules for scalars (R.19) in the form

S

[ El} s—1-2p s—1— 2p
8da = g €% (s —2p) Cs,p Z ( ) 2
p=0 r=0 "
(@ oA (00 ) (37)

512 — (_1)8—1521 — _1’ 511 — 522 — 0 a,b — 1’2’



where Cj,, are arbitrary parameters. Note that the gauge transformations of the scalars
are nonabelian, whereas the gauge transformations of the fields in the spin-s triplet remain
abelian

5h’M1---M$ - a{m}‘ug...us}a 5Cu1---u571 - D)‘m---us? 5Du1---usfz - 3“)‘;17;11---;1572 - (3-9)

At this point we should emphasize that we have not imposed any symmetry between the
scalars ¢,. It is obvious though from (B.§) that for HS triplets with s odd (s = 2k +1) one
needs at least two different real scalars (or alternatively one complex scalar) to have a non-
zero coupling.? The simple example of this is the s = 1 case where we find linearized scalar
electrodynamics. For even s HS triplets (s = 2k) the condition (B.§) gives no obstruction
to coupling with a single real scalar.

Finally, after some rather lengthy rearrangement we obtain the cubic interaction terms
in the Lagrangian as

(5]
Lsoo = /ddx{z Cs,p W;[Lpl}...us,gp X
p=0

s—2p
3 <5—2p> (=17 (0" ... 0" gy) (Ot ... 072 o) + h-@-}

r=0 r
)

= / Az Y Cop Wy Jsgp + hec., (3.10)
p=0

n
where we have used the binomial coefficients < ) and [3] is the integer part of 5. W, is
m

defined in [B]]
W, = hlPl —2p D=1 s, = gl
and
s—2p
Jew=Y ( _7421)) (C1)7 (9 ... 0%y (P ... O¥e-g) (3.11)
r=0

The fields W, define a chain of lower spin fields contained in the triplet as can easily be
seen from their gauge transformation properties (B.11]). They are rank s — 2p symmetric
tensors. Hence, the currents of (B.I1]) are also symmetrized and by virtue of the trans-
formation properties (B.11) are conserved. We see a pattern emerging: given a general
free scalar Lagrangian we can construct the series of spin-s, s — 2,...,0/1 symmetric con-
served currents () that couple properly to a spin-s triplet. In section 7 we will try to
understand the deep reason for the existence of such currents.

2Indeed setting ¢1 = ¢ in (@) and taking into account (@) leads into an inconsitency for s-odd while
it is allowed for s-even.



4. The cubic vertex in AdS

In this section we present the construction of the cubic vertex of a triplet coupled to two
massive free scalars in AdS space. In this case the calculations are rather more involved,
nevertheless we will be able to obtain a relatively simple result for the vertex.

The vertex still has the form (B.1)). Next, we choose an FR (field redefinition) scheme
where one can eliminate all [ dependence in (A.3) and set X3, = 0 in (B.0). With
this choice we are able to eliminate any I* dependence from X3;. Therefore one has the
expansion of the vertex

(V] = ta(](E)5 (33)™ (Mg} { XL,y + Xy 007

3 13 3 23
+X31;k37M3,p3ﬁ + X32;k‘37m37p3/3 } . (4.1)
The BRST invariance gives the equation

2D — 6
123(—|(I3)" (I33)™ (Mss)pS{—Xg’hkg,mg,ps (lél - T) - (4.2)

2D — 6
3 22 1 2
X32;k37m37p3 (lo T2 > + l;»r?>Xka,m3,p3 - l335m370X33;k370,P3 }: 0.

In order to arrive at the equivalent of (B.4) we will have to commute all creation operators
a:"g to the left but we will also have to eliminate one of the three momenta i.e., p*? using
"momentum conservation”. In flat space commutativity of momenta makes this a very
easy task. In AdS this becomes rather involved due to the relation ([C.1) (see also [BQ]).
The rules one should apply are the following:3

e In order to use "momentum conservation” we move the operators p to the far left of
the expression. Then we substitute p}’ + ph + p4 = 0. For example, instead of writing

(132)pp,3(132)ph = pp,3(l32)(I32)ph , (4.3)
which translates to
[ /=GN 9,9, 7,70 (1.4)
we use
—(p,,, + pp) (12)(Is2)ph , (4.5)
which translates into
= [P (VRN V,0) + (VYT (40)

e We will then use the equations of appendix [J to move any “non-contracted” momenta
pfu 1 = 1,2 to the right until they form operators lél,l%Q,l?’l or [*? with operators
pb, pi or az. In the present example we should push the operators p}L and pi to the

3We set L? = 1 in what follows and restore it at the end by dimensional analysis.



right until they form the operators l(l]1 and léQ when combined with p4. This process

will generate terms proportional to # For the example above they are

— [ @Pa Vg ORI + (L 2D)A(T,9,6%)0' (4.7)

which can be seen from the second term in ([.)) when pushing the covariant derivative
V, to the right.

e We will commute creation oscillators to the left. In doing so we will once more
generate non-contacted momenta p** i = 1,2 which in turn have to be pushed to the
right and will generate further 1/L? terms as explained in the previous step.

e Finally the ordering rule is that all operators l(l]l, l82 which do not commute with I3,
and [3, are to be brought to the extreme right of the equation so that we compare

operator expressions which have the same ordering.

This procedure results in some quite lengthy equations but our choice of FR scheme
which has eliminated X3; simplifies the problem. Actually, we have to perform the manipu-
lations described above only for the third and fourth terms in ([.2). For the fourth terms we
just push the operator p*3 to the left, then use ”momentum conservation” and then push
the operator p*! 4+ p*2 to the right as described above. The third term is the hardest one
since it requires performance of commutators both among momenta and among oscillators.

The solution for generic triplet is quite involved but straightforward. In the appendices
we give some explicit formulae that are used in the manipulations described above. The
full solution for the triplet will not be presented here. Instead, as an illustration of our
technique we present the two simplest examples describing the interaction of spin-2 and
spin-3 triplets with two massive free scalars.

5. Explicit examples

5.1 Spin-2 with two scalars

Since the oscillators affr, ¢+ and b>T occur only in the third Fock space we omit the index

i for them in what follows. The field will will using are

1) = ¢1(2)|0), [P2) = ¢2(2)[0), (5.1)
|P3) = <%huy(:ﬂ)a“+a”+ + D(z)cthT — iC’u(x)a“Jrcngr) |0}, (5.2)
|A) = i\, (x)aTbT|0) . (5.3)

The Lagrangian has the form

L = Lyee + Lint (5.4)
Liree = (901)(0"¢1) + (0u62) (0" d2) + m*(¢7 + 65) + (Dphyu ) (07 1)
_4(0,h")C, — 4(8,C")D — 2(9,D)(8" D) + 2C,.C*, (5.5)
Liny = Co0 (R* (0,0, 01) 02 + M (0,0, ¢2) 1 — 207 (0,,01) (0, h2))
—Co1 d1¢2(h), —2D). (5.6)



The relevant gauge transformations are

0p1 = Cap (2)\“(9“(252 + ¢28ﬂ)\ﬂ), (5.7)
(5¢2 = 0270 (2)‘M8M¢1 + ¢16M)\“), (5.8)
Shyy = Ouhy + 0N, 0C, = 0N, 6D = Ju\". (5.9)

According to our general construction, given in the section 2 we have obtained the cubic
vertex which involves two different scalars and the triplet with higher spin 2. To obtain the
interaction of a single scalar with the spin-2 field we need to set ¢ = ¢2.% It should also
be noticed that for ¢; = ¢o (b.6) is equivalent to the linearized interaction of a scalar field
with gravity as we explain in section 7.1. and in particular in equations (7.4) and (7.6).
The generalization for the coupling of a spin-2 triplet with an arbitrary number of scalar
fields m goes in an analogous manner with the constants Co becoming n x n matrices.
Similar things apply to the couplings of scalars with any HS triplet. For simplicity in what
follows we will discuss only the two scalar case which the reader can generalize easily to
the n scalar case.

In AdSp we replace ordinary with covariant derivatives. There will be no other changes
for the gauge transformation rules (i.e., for all fields daq5 = 0) (5.9) except for

1-D
0aasCp = 0Cu + —5—Au, (5.10)

The free Lagrangian is modified to include the standard AdS "mass -terms” of order 1/L?

1 14 74
ALgee = =75 (2h};h) — 16h};D + 2Dy k" + (4D + 12)D? + (2D — 6) (¢2 + ¢2)). (5.11)

The interaction part also changes and gets an additional piece
D-1
ALjnt, = Ca 7D¢1¢2' (5.12)
This is an additional interaction of the D scalar with a ”spin-0" current.

5.2 Spin-3 with two scalars
The spin-3 triplet is described by the field
1 .
|®3) = <§hwp($)a“+a”+ap+ + Dy (z)al et — %C’W(x)a“+a”+cgb+> |0}, (5.13)

IA) = %,\W(m)aﬂm”bﬂm. (5.14)
The relevant scalar and gauge transformations are

op1 = 3i 03,0 (4)\“”(9“8y¢2 + ¢28ﬂ(9,,)\’w + 4(8;”252)((9,,)\“”)) +1 03,1 (152)\5, (5.15)
Oy = —3i 0370 (4)\‘“’6”8V¢1 + qﬁla,ﬁy)\’“’ + 4(8M¢1)(3y)\“”)) —1 0371 (bl)\ﬁ R (5.16)
Sy = Ophup + Odp + Opduars 0Ch = Oy, 0Dy, = DAL (5.17)

“Notice that setting i.e. ¢2 = 0 is meaningless since in our formalism that would mean to consider two
Hilbert spaces, hence no cubic interaction vertex.



The free and interacting parts of the Lagrangian have the form

Livee = (0u91)(0"¢1) + (0u2) (0" $2) + m*(¢7 + 63) + (Orhyusp) (D7 hHP) (5.18)
—6(9,1"7)Cly — 12(9,CP) Dy — 6(9,D,)(8" D) + 3C,,C*

Lint. = 1 C39 (WP $10,0,0,02 — WP $20,,0,0,¢1 — 30"* (0,0, ¢2)(0,¢1)
+30°(0,0,¢1)(0pp2)) + 1 C31 (R — 2D#) (910,42 — ¢20,61) + h.c.  (5.19)

Note that in this case, had we set ¢; = ¢ the interaction would vanish. Unlike the
previous example for the case of an interacting triplet with the higher spin 3 with two
scalars one cannot put the scalars ¢; and ¢ to be equal to each other so one needs a
complex scalar in analogy with scalar electrodynamics. There is one more difference with
respect to the previous example, namely when doing the deformation to the AdSp case ,
apart from changing ordinary derivatives to covariant ones, both the Lagrangian and gauge
transformation rules for scalars get deformed. Namely one has

1 v 74 4
ALpee = =5 (601, — 481" Dy — (D = 3)luyph*? +

+18(D + 3)D* D, + (2D — 6) (47 + #3)) (5.20)
. 6D
ALint =i C30 I DM (91Vup2 — $2V 1) + hec. (5.21)
6, 6.,
0adsP1 = do¢1 — @ O30 T3 AuP2,  OaasPz = 092 +1 Cs0 T3¢0, (5.22)
2(1-D 2
5AdSCMV = 5Cuu + %)‘uu + ﬁguu)‘z- (523)

6. Irreducible HS gauge field coupled to scalars in AdS

In this section we will study the much simpler case of an irreducible HS field in AdS coupled
to two massive free scalars. From the triplet we readily find the irreducible spin-s gauge
field upon imposing the conditions [@]

W,=APl =0, p>1, (6.1)

with the definitions (B.11]). Note that this corresponds to setting the compensator field
of [BI] to zero. The corresponding Lagrangian formulation which gives the equation (p.1)
as a equation of motion is available [[£3, B3 but since it is more complicated we add
the equation (B.1]) to triplet "by hand”. The above conditions lead to traceless gauge
parameters and double-traceless gauge fields, namely (" denotes the trace)

¢ =0 — (Ms3)? |¢p3) =0, (6.2)
N =0— Mss |A3) =0.

This simplifies the calculations since the only non-vanishing matrix elements are now
1 3 2 :
X 9p.0p=01> X31:5—2p—1,0p=0 and X35 o, 94, The computation follows the steps

,10,



of ({.J) but in this case we keep only terms up to the first power of 2M33 = X? (see the
appendix E for details). The final result is

3 _ 3 _ 1
X31;s—1,0,0 = —X32;s—1,0,0 = SX5,0,07 (6.3)

s—1
X§3,s—270,0 = —Xsl—z,o,l + <T(232 + (3D —4)s —6) — 2(s — 2)>Xsl,0,o- (6.4)

Based on the solution above the gauge transformation is given by the direct covari-
antization of (B.7) for p = 0. The cubic interaction is given by

Lo = C&O/ d%\/g{¢- JY + (%21[232 + (3D — 4)s — 6] — (‘%2)> ¢ - JL} + h.c.

(6.5)
where the currents JY and JY , are the AdS covariantizations of the corresponding flat
symmetric ones in (B.11), however only the double-traceless part of Jg and the traceless part
of Js_o survive. The interaction Lagrangian is a function of just one unknown normalization
constant Cs .

Let us now discuss our result (6.5). Firstly, the flat space restriction of (.5), (i.e.
dropping the 1/L? terms), implies that an irreducible spin-s HS gauge field couples to
totally symmetric, conserved currents. These currents coincide with the ones obtained by
Berends et. al. in [@] For s > 4 only the double-traceless part of Jg survives.

In AdS, we define the modified current

-1 —2
JAIS _ gV <S6L2 25 4+ (3D — 4)s — 6] — (8L2 )> 9 Jy,, (6.6)

where g is the AdS metric. This current is not conserved but satisfies®
[ \va JAdS ]traceless -0 (6 7)
. . .

This condition implies that the covariantized flat spin-s current JY fails to be conserved
by order 1/L? terms.

A few more comments are in order here. In flat space, the conserved currents Js are
not the only ones that couple consistently to irreducible HS gauge fields. They can be
modified, at will, by terms whose divergence gives zero upon contraction with the traceless
gauge parameter A\. We fixed this freedom by imposing the conditions (6.1)) i.e. setting
compensator field to zero. In [BY] an additional single zero trace condition was used for
the conserved currents in order to uniquely fix the form of the higher-spin currents in flat
space. This condition was generalized in AdS by [B7]. In the above works, bulk conformal
(or Weyl) invariance played a crucial role. We believe that our approach is more general
since our HS gauge fields are coupled generically to massive scalars. It is also satisfying
that our approach is naturally tied to BRST, as we believe that this is relevant for the
application of our results to string theory.

SRemember the rule (@) applied to our computation in the traceless case. This means we dropped all
terms proportional to any power of the metric g in the BRST computation
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7. An alternative derivation of the cubic couplings

In this section we present an alternative derivation of the cubic interaction vertices of free
massive scalars with HS triplets. Although not yet under total control, the method is a
generalization of the standard Noether gauging in field theory and is based on a surprisingly
simple symmetry of the mass term in the free Lagrangian. We present here explicitly the
spin-2 and spin-3 coupling and leave the discussion of the symmetry and the spin-s cases,
with s > 4 for the future.

7.1 Free massive scalars coupled to the spin-2 triplet

Consider the Lagrangian for a massive free scalar field in flat space
L= 5(0"0)(0u) + 5m*6*. (11)

The idea is that the spin-2 triplet will emerge through the gauging of a symmetry of the

above. The spin-2 triplet involves® the unconstrained symmetric field h,,, the auxiliary

iz
scalar D, while the gauge parameter is the vector A,. We are looking for a transformation

of the fields ¢ that induces a change of (1)) of the form
1
0L = (0" N1, = §5h‘“’Tw/. (7.2)

Had we found such a transformation, we would conclude; first that T}, is a conserved
current and second that the interaction of the massive free scalars with the triplet is of the
form 1

Lint = —C1 §hw/TMV + Cg(h/ — QD)T . (7.3)

c1 and cy are arbitrary constants. Notice that gauge invariance cannot determine the
7spin-0 current” T since the variation of the second term identically vanishes.

At this moment one might think we are just describing the gauging of diffeomorphisms.
Indeed, using ¢ = c1€,0,¢ one finds the canonical energy-momentum tensor

2" = (0u9)(0v¢) — L. (7.4)

However, this is not what the BRST analysis gives, both for the transformation of scalars
and for the conserved spin-2 current T),,. Instead, we will look for a new principle that
may fix the scalar field transformations not only for the spin-2 case but for HS as well.

To this effect, consider the most general infinitesimal (i.e. involving one derivative)
transformation of scalars with gauge parameter the vector A,

0p = c1(NOy + k(0 - N))o. (7.5)

Next we demand that ([.H) leaves invariant the mass term in ([.1]) up to total derivatives
(that do not play a role in the action). This uniquely determines the parameter k = 1/2 and
reproduces the corresponding transformation for scalars (b.7) or (5.§) (we can set ¢1 = ¢

5In the section we always solve the algebraic equation for the fields C.
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there). It is important to note that for k = 1/2 (7.§) is not a Weyl transformation.
Using ([.§) we can vary the kinetic term in ([f.1]) and we straightforwardly obtain the
conserved current

T = 5 (0,0)(000) — 60,0,0) (7.6)

which coincides with the corresponding conserved current in (f.6). It should be noted
that (f.4) and the canonical energy-momentum tensor ([.4) give rise to the same con-
served quantitites (energy and momentum) on-shell. Hence, we expect that the transfor-
mation ([.§) is actually equivalent to diffeomorphisms, the additional term being equivalent
to a Field Redefinition in the BRST language.

Next we move to AdS. We covariantize the derivatives in the transformation (.5) and
we observe that it still leaves the mass term invariant up to total derivatives. However, the
variation of the kinetic term is now different. Up to total derivatives we obtain

1, D—1
5 = (V) ((9,0)(20) = 09,70 = D uu?) (17)
Hence, in AdS the coupling is modified as
1 v 1 vV D-1 2
_Clihu Tl“/ — —C1 |:§hﬂ TMV — 8L2 ng :| 5 (78)

with T MVV denoting the covariantized current. This is in agreement with the result (5.12).

7.2 Free massive scalars coupled to the spin-3 triplet

In this case we must have two different scalars to begin with. The free Lagrangian is
L L 9o .
L= 5(0"6i)(0udi) + gm7¢i, i=1,2. (7.9)

The spin-3 triplet involves the symmetric tensor h,,,, the vector D,, while the gauge
parameter is the symmetric tensor ),,. Hence, under the scalar field transformation we
expect that the free Lagrangian will vary as

6L = qr(O"NP) Ty + q2(O*N)T), (7.10)
with ¢; and g9 arbitrary constants. This would imply that the coupling to the triplet is
1
Ling = —Q1§hpruup —q2(hy)” — 2Du)Tu- (7.11)

Notice the presence of the spin-1 conserved current 7}, and the fact that ¢; and g2 have
different dimensions.

To construct the spin-3 current we seek first the most general scalar field transformation
that involves the gauge parameter A, (and not its trace), that leaves the mass term
invariant. A simple calculation gives the result’

0 =1 ()\“”8“3,, + (({9M)\MV)8V + B(@,ﬁy)\“”)) (bjeij , (7.12)

"Note the similarity with the generalized Lie derivative obtained in the last of [E]
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where we use the totally antisymmetric tensor €;;, 4,7 = 1,2. We note that the param-

eter B cannot be fixed by requiring invariance of the mass term. However, applying the
transformation ([.1J) to the kinetic term of ([.9) we get

0L = q1 (0" N"?) (2B — 1)(0,0,i)(0,¢5) + B(0,$:)(0,0,0;) + B(0,0,0,¢:)¢;) €i5. (7.13)

Symmetrizing the current, in order to produce the §h**?T),, term, we find B = 1/4, in
agreement with the corresponding scalar fields transformations (p.15) and (b.1G). The
conserved spin-3 current we find is

1
Tuup = Z ((auauap(bz)(b] - 3(8uau¢l)(ap¢j)) €ij 5 (714)

which coincides (up to an overall numerical factor) with (f.19).

Passing on to AdS, we first notice that the covariantization of the transformation ([f.19)
with B = 1/4 leaves the mass term invariant. However, the variation of the kinetic term
is now altered. Alter a lengthy calculation we find that in AdS the coupling is modified as

1., 1, 1 (2
~@ 3" Ty — a1 | 3h" T, — 573 <§h"V —(D+ 1)D“> Tﬂ : (7.15)

where the covariantized spin-1 current is
Ty = (Vudi)djcij - (7.16)

This result is in agreement with the corresponding result of the BRST analysis (5.21]) for
s = 3. Indeed, a piece of ([.15) proportional to h*—2DH can be associated to a modification
of the gauge transformation as in (p.22) and the remaining can be seen as a modification
of the coupling. Nevertheless, a highly non-trivial check of (7.If]) is that when we set
hL =2D,, we get the result (f.6) which was gotten by a totally independent method. The
term involving ¢ in the interaction ([-11)) is simply modified by T, — THv .

8. Summary and outlook

We have applied the general BRST procedure of [B{] to construct the cubic interaction
Lagrangian vertex of HS triplets coupled to free massive scalars. Although this is the
simplest possible case of HS interactions, it still involves considerable technical tasks. We
were able to give closed expressions for the vertex in flat and AdS spaces, however, the
AdS expressions are still quite involved.

The cubic vertex in flat space has an interesting structure. Namely, the spin-s,s —
2,...,0/1 modes that are propagated by a spin-s triplet couple independently to corre-
sponding conserved currents constructed from the scalars. In flat space these are the
currents constructed long ago by Berends et. al. [i4]. In AdS, the situation changes and
generically both the gauge variations and the couplings are deformed by 1/L? corrections.
Although there might be a pattern for the AdS deformation we were not able to find it.
We can pass to irreducible HS modes by simply setting the compensator fields [BI]] to zero.
This gauge choice allows us to use the same symmetric and conserved currents found above

- 14 —



for the coupling of scalars to irreducible HS gauge fields in flat space. Again, in AdS the
currents are deformed by 1/L? terms. We never use conformal or Weyl invariance in our
construction as in the works [B§, B7. The detailed expressions for the spin-2 and spin-
3 cases are given. The latter results are reproduced by an alternative method based on
the idea that HS gauge fields arise via the gauging of higher-derivative symmetries of free
matter Lagrangians.

There are many interesting applications and extensions of our work. Since we were
able to couple HS gauge fields to massive scalars our results can be readily used in hologra-
phy. In particular, an obvious implication of our results is the existence of an infinite set of
Ward identities associated to composite scalar operators in conformal field theories dual to
HS gauge theories.® Also, our calculations are the first step towards the construction of the
Lagrangian cubic vertex of HS gauge fields with spins s £ 0 in AdS. The holographic inter-
pretation of such a calculation will give the three-point functions of the energy momentum
tensor and of an infinite set of higher spin conserved currents in the boundary CFT. This
way we hope to understand the meaning of the parameters present in three-point functions
of conserved currents of generic CFTs [[i]. These issues will be studied in a forthcoming
work.

Finally, a few words are reserved for the alternative derivation of the cubic couplings. A
scalar field deformation in terms of a vector-like gauge parameter ), is simply associated
to diffeomorphisms. It would be extremely interesting to understand the origin of our
higher-derivative scalar transformations, those that involve tensor gauge parameters, that
keep the mass term invariant. It is conceivable that they indicate a broader structure for
the underlying ”spacetime”, perhaps one that involves tensor coordinates. It would also be
interesting to study the algebraic structure of our higher-derivative transformations. We
intent to come back to these exciting questions in the near future.
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A. Basic definitions

A.1 Definition of |V) and |W)
We define two linearly independent combinations of variables with ghost number zero

N Gyt gt = ey (A1)

8Similar ideas were discussed in @]
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Then, the most general expansion of the vertex in terms of ghost variables has the form

1 2 3 ki, 5
V) = { X"+ X5 4 X 5”++X<w><k) T 4+ X

’ + kl kl? )
X80 BT+ Xy ysmmy YA+ X G htyimnn? A BT

Xty O™ Xy B9 BB 2 (82

zj,-l—ﬁkl,-‘r +

The coefficients X' depend only on operators o™ and p’, which means that they can be

written as
xl - x!
() n1,n2,n3;m1,k1,me,k2,m3,k3;p1,p2,03,712,713,723(... )
(lé)”1 .. (l+’1)m1 (I+’1)k1 o (M‘F’H)p1 . (M‘F’m)r12 .. (A.3)
where
léj = (lo al lgs) = (lé’l?]alg) 1V = (llallal2’12’l3’13)’ (A4)
VAT - PoamGh-pl),  P=abph-id) (A5)
=1, MY = 50/“04{, (A.6)

In a similar manner one has the following expansion for the operator |W)

W) = {W bz++W2 —|—W3 bz—I— ]k++W4 bl+/3jk++W5 b’ﬁjk++
Wi Gh): (lm)bl’+ jk,—l—,ylm,-i- + WZ ke lmbl +'Y]k’+ﬁlm’+ + Wi;(jk);(lm)bz,—f—ﬁ]k,-ﬁ-glm,-{- +
w? (R)s(im) bz ﬁ]k‘ +ﬁlm + W kY- (1m): pnb ,+,y]k,+,ylm,+ﬁpn,+ + (A?)

(2

7 k im n 7 ik im n
Wiksamysom P Y BB A Wl sy BB ’+}|—>123-

Alternatively, one can expand in terms of the operators [Y+ = a“i’erﬂ and léj = p“ipﬂ

but one has to bear in mind that not all of these are independent due to the momentum
conservation law p), 4+ p7, + pj = 0 (see [B{] for more details).

B. Definition of the F, G functions and their properties

The following identities hold:

(23]
UZ% <2u+ 1) a" M2 = o (a+2)" = (a - 2)"] (B.1)
(5] 1
n n—2u 2u __ n n
Z% <2u> @2 g = o+ 2)" + (o — o))

Zn:ak(a_i_x)nfk — _l(anJrl _ (w+a)"+1)

8
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Then we define

]
F(n,0,Y,X) = PR st you
) ) 2u+1

k=0 u

=0

n+1

+ <n —]L— 2) yh+l xn—k (1+ (_1)71*’?) - (B.2)
0

= — [-2Y""2 4 (Y + X)" P2 4 (Y — X))

and

n (2, n—=k
F(n,1,Y,X) = ( ) ynoi X2 —

The function F(n, A, Y, X), A =0,1 as defined above has the property that it is an expan-
sion in even powers of X.

Using (B.1]) we can show the following identities:

n
Y
> Y F(n—k0,Y,X) = <z [+ 3)Y"2 4 F(n+2,1,Y, X))
k=0

n
1
Z Y F(n—k1,Y,X) = ?F(n,O,Y,X)
k=0
1
O F(n,0,Y.X) = —F(,0.Y,X) + (n+2)F(n = 1,0,Y, X) (B.4)
Oy F(n,1,Y,X) = (n+1)F(n—1,1,Y, X)
1 Y
8X2F(n,O,Y,X) = —FF(TL,O,Y,X) +mF(TL,1,Y,X)
1 yn n+1
8x2F(n71,Y,X) = —WF(TL71,Y,X) + (n+ 1)@ + 7F(TL-27O,Y,X)

All of the above identities do not produce any negative powers of Y or X?2. This will be
useful in appendix D.
We finally define the following functions:

n 73]

Ge(n,0,Y,X) =) > (";ﬁ) F(n —2u,0,Y, X)X =

k=0 u=0
Y
= ——[-2Y? F(n,1,Y,X) + (Y + X)? F(n,1,Y + X, X)

2X2
+(Y - X)2 F(n,1,Y — X, X)]
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n [252]
Ge(n,1,Y,X) = (”Q_k> F(n—2u,1,Y, X)X =
k=0 u=0 u
1
—(Y —X) F(n,1,Y — X, X)] (B.5)
7 n—k+1
_ - 2u __
GO(n,o,Y,X)_Z(];) ( a1 ) F(n —2u,0,Y, X) X% =
Y
= 5xz[2Y F(n,0.Y.X)

+(Y +X) F(n,0,Y + X, X) + (Y = X) F(n,0,Y — X, X)]

n %3]

k=0 u=0 2ut+1

= S [(F(n, LY + X, X) ~ F(n,1,Y — X, X)]

The functions with arguments Y + X and Y are related. Using:

2
(Y + X)"+2 = X7 F(n—1,0,Y,X)+ X F(n,1,Y,X) + Y"! (B.6)

X2
(Y + X)"+2 = 5 F(n=10,Y,X) =X F(n,1,Y, X) + yn it

one can write i.e.

1
F(n, 1Y £ X, X) = o [(V + 2X)mH _yntl) = (B.7)
2X
=5 F(n—1,0,Y,2X) + F(n,1,Y,2X)
Y+ X
F(n,0,Y + X, X) = — = [-2(Y £ X)"? 4 (Y £2X)" T2 4 Y2
Y + X
= — F(n,0,Y,2X). (B.8)

Using all of the above we can easily show for example that

Ge(n,0,Y,X) = 2Y? F(n,1,Y, X)

axz
+4X%F(n —1,0,Y,2X) + (Y24 X?) F(n,1,Y,2X)]

which makes it easy to expand in a single series expansion in terms of Y and X us-
ing (B.2), (B.3). Finally we will define the following compact expression which will make
the presentation of our results in the main text easier

n 1252
Ge(n, A Y, X30) =) > ( F(n—a—2u,\Y, X)X = (B.9)
k=0 u=0
("5 ) 2] a—1
=Ge(n—a,\Y,X)+ Y Z( ) (n—a—2u,\Y, X)X
u=0 k=0
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and

n

= —k+1
Go(n, \,Y, X;a) = Z n—k+ F(n—a—2u,\Y,X)X% =
0 =0 2u+1

n,

2 al(n—k—i—l

= Go(n—a,\Y, X)+

U=

F(n—a—2u,\Y,X)X* (B.10)
2u+1

0 k=0

C. Commutation relations

We wish to compute the commutators of p*¢, i = 1,2 and oz:’g with strings of operators
involving 13" and M?3. We will use the following equation for a tensor T, .:

y 1
D¥ Tp,... = [py,py]Tp,... = 12 (gVPTH~~~ - gupTl/---) +.. (C.1)
We will set L? = 1 and will reinstate it only at the end of our calculations based on

dimensional analysis.
We start first with the momenta commutators. We drop the Fock index from the
oscillators. The following computation holds:

Sy(n) = [o DW, (I32)"] = Z I52)" (awpay — aupa,) (Is2)" !
k=0

We can then show by induction that:

Sy(n) = —2(1 4 O,-2)M33(I32)" ' pa,, + naw, (Is2)™ +
n—2 n—k—2

+2M33 Z Z 132 k+u n —k—u-— 2) (Cz)

Some straightforward manipulations show that

Su(l) = aul32 - 2M33p2,u (03)
Sy(2) = 1325,(1) = v (l32)* — 2M33pa,
n—2
Sy(n) —lsaS,(n — 1) = a(ls2)” +2Mag Y (Is2)* Su(n —k—2), n>3
k=0

where ©,, is 0 for n < 0 and 1 otherwise.

Then by algebraic manipulations, induction and use of the formula:

= n+k n+m-+1
2 () () @

k=0
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we arrive at the following solution:

("5
Su(n) =a, Y < 5 ) (Is2)"2* (Ms3)" +

P 2k +1
=) n—1
-> ( o) ) (I32)" 172 (M33)** pa,
k=0

[252]
n—2 n—1—
-2 ( o) ) (I32)" 1 72F (M3)" ™ pay (C.5)
k=0

It is easy to deduce that:

I
—

n

[Pops (I32)"] = = _ (I2)* Sy(n—k —1) (C.6)
0

i

Then using (C.H) and (B.3), (B.3) we arrive at the following relation:

1 X X
[Doy, (I32)"] = ~T3 [F (n -2,0,Y, f)au — F(n -2,1,Y, f) X2 P2, (C.7)
X X
—F<n -3,1,Y, f>Y X2 pm] — F<n -1,1,Y, f> S, (0)

where we have reinstated the units L and also we have set Y = l39 and X? = 2M33. Note
that although naively it might seem that X can appear in odd powers, therefore making
no sense, actually as we mentioned in appendix [A] the function F(n,\,Y, X)) always has
an even argument in the variable X.

In a similar manner we can show that:

- 1 [LYY _ X
[(l32)n’ O‘;—H _ n(l32)n 1p2,,u _ ﬁ |:—X2 < —nY" 1 + F(n — 1, 1, Y, f))(y“

1 X X 9
_<?F<n—3,0,Y, f) —|—F<n—4,0,Y, f))X P2,

+L?2F<n ~2,0,Y, %)Sﬂ(o)] (C.8)

Finally we can compute the commutators of momenta and oscillators with F'(n, \,Y, X):

X 1 (= X - X
[pM,F<n, 0,Y, f)} = —ﬁ{GO <n, 0,Y, T 1> ay— (GO <n, 1,Y, T 1> (C.9)
s X . X
+Y G, <n LY, 7 2>>X2pH+L2GO <n LY, % 0> Sﬂ(o)}
X 1 (- X . X
[pH,F<n, 1,Y, f)} = _E{Ge <n,0, Y, T 2> ay — (Ge <n, 1,Y, T 2> (C.10)
+Y G, <n 1,Y, %; 3>>X2pM+L2C:e <n 1,Y, %; 1) SM(O)}
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[F <n,0, Y, %) , aﬂ = ayF<n, 0,Y, %) (pﬁ%%) +28X2F<n,0, Y, %>aﬂ
—%{L)j—fé(,(m,x%;o>au—<%ég<n,o,x%;2> (C.11)
—I—é()(n,O,Y, %;3>>X2pu+%2éo<n,0,}/, %;1>SH(O)}
[F(n, 1,Y, %),a:} = 6yF<n, 1,Y, %) <pu+%au> +2(9X2F<n, 1,Y, %)au
—%{YX—I;?@@ <n 1,Y, %; 1> oy — (%ée (n 0,Y, %; 3) (C.12)
1Ge <n,o,Y, %;4>>X2pu+§ée <n,0,Y, %;2) SM(O)}
Finally we can easily show:
(X%, af] = 2pX*P V. (C.13)

This completes all the possible commutators needed for the computations of the next
appendix.

D. Equations for I3
In a similar manner we can work in the I3, l33 basis. We define:

' (D, + Di,) (I3)" = %,(n) (D.1)
a’ (D,Llw - Dfu/) (13)n = \Ill/(n)

By induction we can show:

1|1 X
[P1u + p2u, (I3)"] = Iz [?F<n -2,0,Y, f) (I31 + I32)cy, (D.2)

X X
- <F <n -2,1,Y, f) +YF <n -3,1,Y, f>>X2(pw + p27u)]

X
—F<n -1,1,Y, f> v, (0)

where Y = I3. We can also show that

s = P (8] =~ [P (- 2.0.%.5 ), 03)

X X
—<F<n— 2,1,Y, f> +YF<n -3,1,Y, f>>X2 <p17“ —p27u>]

—F<n ~1,1,Y, %)x(o)
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_ 1[YL? _ X
[(Ig)",oz:] = ’I’L(Ig)n l(pl,p_p2,u)_ﬁ|:ﬁ <—’I’LY” 1+F<TL—1,1,Y, f))a“

1 X X 9
_<?F<n—3,0,Y,f> +F<n—4,0,Y,f>>X (pLM—pQ,M)

L2 X
+?F<n —-2,0,Y, f> zﬂ(o)]

Actually it is fairly easy to deduce the equivalents of (C.9), (C.10), (C.11)), (C.13) for
the I3. For example the commutators of (pi, — p2,) with F(n,\, I3, X) are deduced

from (C.9), (C.1d) by substituting p;,, — (p1,4 — p2,u) and S,(0) — £,(0). The same for
the commutator of a;} .

E. The vertex for an irreducible HS gauge field

In this appendix we present the explicit computation for the BRST equations for the cubic
vertex for an irreducible HS field. In order to compute (f.2) we need

3(—| Y (Is)"(Ma3)Plss X35, = (E.1)
n+2p=s—2

_ _ s—4
123(—| — { ( e AR S & <S —6) >X§3;0 +O(X4)} X (P1u + P2u)of

1
w23(=| D ()" (Mss)P I Xy = 12s(~| — {Z <(8 ) Gl

n+2p=s p=0

13(s — 2p — 2)2y* 3 X2 Xy 11 _ 22
s—2p—2)°Y X 2po x (lg- —1§%)

1 2(p—1)
s—2p _ys—2p—2vy2 [ ST 2p—2 X 1
+{Zp<y Y X <S_2p_4>>72(p_1) X!

p=0

1 14Dy % po1)| 7%
pz (s=2p—=1+D) s—2p—2 — (-1 s—2p—2

0
s —2p 4o s—2p—1
s—2p—3 §—2p—2
2p—2 s—2p—2 X
<5 —2p—3 Y op Xo-2w0p

+<—(s—1+D)<Si4> —(D—1)<Si4> —<5f5

oo (223) - (:2)))
(20 (120) e o s

Finally plugging the expressions above in (f.2) and making use of (p.9) we arrive at (f.3).
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